A semi-empirical model is developed for the regression of solid-liquid solubility data with temperature. The model fulfils the required boundary conditions, allowing for robust extrapolation to higher and lower temperatures. The model combines a representation of the solid-state activity which accommodates a temperature-dependent heat capacity difference contribution with a scaled three-parameter Weibull function representing the temperature dependence of the solution activity coefficient at equilibrium. Evaluation of the model is based on previously published experimental calorimetric and solubility data of four organic compounds, fenoxycarb, fenofibrate, risperidone and butyl paraben, in five common organic solvents, methanol, ethyl acetate, acetone, acetonitrile, and toluene. The temperature dependence of the van't Hoff enthalpy of solution and its components is analysed and discussed. Among the four compounds the influence of temperature on the enthalpy of fusion varies from moderate to substantial. Based on the semi-empirical model, a new equation containing three adjustable parameters is proposed for regression and extrapolation of solubility data for cases when only melting data and solubility data is available. The equation is shown to provide good accuracy and robustness when evaluated against the full semiempirical model as well as against commonly used, more simple empirical equations. It is shown how such a model can be used to obtain an estimate of the heat capacity difference for cases where accurate solubility data is available in multiple solvents.
Introduction
Knowledge of solid-liquid phase equilibrium thermodynamics, i.e. the solubility and its temperature dependence in relevant solvents, is an important part of many chemical processes. In particular, accurate solubility data is a key to controlling the process of crystallisation from solution, a common unit operation in the chemical and pharmaceutical industries. Methods to predict solid-liquid solubility mainly focus on predicting solution activity coefficients, e.g. through the Redlich-Kister, NRTL and UNIQUAC equations [1] or group contribution methods such as UNIFAC [2] , but in general offer no substitute for accurate experimental data, the accumulation of which is often a laborious task. It is often desirable to interpolate or extrapolate solubility in a solvent based on a few data points at different temperatures, in order to obtain solubility data at a different working temperature or estimate a stability transition temperature between two solid phases. It is also possible, in theory, to obtain the melting temperature and the associated enthalpy and entropy of fusion through extrapolation of solubility data. As shown by Nordström and Rasmuson [3] , through an evaluation of 15 different functional forms of regression equations based on 41 organic compounds, the accuracy that can be expected when extrapolating to higher temperatures is in general fairly low, and depends on the functional form of the regression equation used as well as on the temperature range of extrapolation. In general, while simple polynomial functions will often be quite sufficient for interpolation purposes they are not able to capture the full complexity of the temperature dependence of a solubility curve all the way to the melting point, and conversely, higher order polynomials tend to become too erratic to allow any kind of extrapolation.
In this work, in order to allow reliable extrapolation of solubility data outside the experimental temperature interval, a more robust model has been developed. The solid-state activity of each model compound is obtained through a comprehensive analysis of the thermodynamics of fusion, carried out using experimental calorimetric data. Using experimentally measured solubility data in a range of organic solvents at different temperatures, the solution activity coefficient is then modelled through a function describing a temperature dependence which is qualitatively consistent with thermodynamic rules.
The evaluation is based on four organic compounds (stable polymorph when applicable): fenoxycarb, fenofibrate, risperidone, and butyl paraben, shown in figure 1 , for all of which the following experimental data is available (published elsewhere): i) solubility data at different temperatures in a set of common, pure organic solvents, ii) calorimetric data of the normal melting temperature, Tm, and the associated enthalpy of fusion, ΔfusH (Tm), and iii) experimentally measured heat capacities, Cp, of the solid and the supercooled melt. In this work, analysis has been restricted to solubility data in the temperature range 278-323 K in the solvents methanol, ethyl acetate, acetone, acetonitrile, and toluene. All heat capacity curves were reported to be linear throughout the measured temperature interval, allowing the difference in heat capacity between the pure solute as a melt and as a solid, ΔCp, to be modelled with equation (1) .
Solid-state thermodynamic data, including the coefficients q and r, are summarised in table 1. 
Theory
The mole fraction solubility of a compound in a given solvent at a given temperature, xeq, is equal to the activity of the solute in the saturated solution, aeq -which in turn is equal to that of the pure solid phase, a s -divided by the activity coefficient of the solute in the solution at that temperature and concentration, γeq. In logarithmic notation: eq s eq ln ln ln
The activity of the pure solid is most conveniently defined with the pure supercooled melt at the same temperature as the thermodynamic reference state (Raoult's law definition). When the activity coefficient equals unity the solution is denoted as ideal and the solubility equals the activity of the solid. The activity of the solid is directly related to the Gibbs energy of fusion and changes with temperature according to equation (3) [1] :
Please note the usage of the subscript 'm' to denote melting in the sense of equal chemical potential, whereas 'fus' refers to the phase transition from solid to liquid at any given temperature.
The equation calls for integration of the heat capacity difference from the melting point to the temperature of interest. While the heat capacity of the solid phase can generally be determined over a sizable temperature range, the heat capacity of the melt at temperatures much below the melting point is inaccessible for direct determination by calorimetric methods. If the heat capacity of the melt can be experimentally measured above and close to Tm, extrapolation down to the temperature of interest, e.g. by assuming a linear temperature dependence of ΔCp [8] , can allow for the integration to be performed. However, heat capacity data is frequently unavailable, and often, ΔCp is either neglected completely or approximated with a constant value such as the entropy of fusion at Tm [9] . There is a growing awareness of the fact that the temperature dependence of ΔCp can be significant, and Nordström and Rasmuson [8] have described a method allowing ΔCp to be estimated using solubility data in multiple solvents.
For purposes of extrapolation, solubility data is often represented in a van't Hoff graph, i.e. plotted as ln xeq vs. 1/T. The inclination of the tangent of a van't Hoff curve multiplied by -R yields an enthalpic term, the van't Hoff (or apparent) enthalpy of solution:
The solubility mole fraction of an organic compound in an organic solvent should approach unity at the melting temperature of the solute. Accordingly, extrapolation of experimental solubility data to ln xeq = 0 can yield an estimate of the melting temperature, Tm, at which point the extrapolated van't Hoff enthalpy of solution provides an estimate of the enthalpy of fusion, ΔfusH (Tm). A commonly encountered misapprehension is that a van't Hoff plot should be linear, which would mean a constant Δsol vH H. However, it can be shown from basic thermodynamic relationships [8] 
The first two terms on the right-hand side represent the enthalpy of fusion of the pure solid phase of the solute. The third term on the right-hand side is the derivative of the activity coefficient in the saturated solution with respect to temperature and accounts for solution nonideality. It should be stressed here that, contrary to another misconception propagated in the literature, the van't Hoff enthalpy of solution is in general not equal to the calorimetric enthalpy of solution, ΔsolH, which depends on the enthalpies of fusion and mixing:
The final term in equation (5) is not equal to the enthalpy of mixing, and in fact, the relationship between the calorimetric and the van't Hoff enthalpy of solution can be written [10] :
The two enthalpy terms are equal only when the activity coefficient derivative is equal to zero, i.e. when the activity coefficient is a constant finite value independent on concentration, which holds in two cases. The first case is that of an ideal solution, and the second appears at low mole fraction solubility, e.g. at low temperatures, where the solution obeys Henry's law and the dependence of the activity coefficient on the concentration vanishes.
A model of the temperature dependence of solubility to be used for both interpolation and extrapolation outside the experimental temperature interval should be flexible enough to provide acceptable goodness of fit while satisfying the following three boundary conditions valid at Tm:
The last two boundary conditions ensure that Δsol vH H asymptotically approaches ΔfusH as T→Tm. The natural starting point for model development should be the thermodynamically rigorous equation (2) . The first term this equation, the activity of the solid as given by equation (3), satisfies all the boundary conditions given in equation (8) . However, there is a scarcity of reported work dealing with the temperature dependence of the activity coefficient in solutions at equilibrium. The activity coefficient in a solution is a function of both T and x, but in the direction of increasing temperature the saturation concentration approaches unity while converging with the ideal case in the limit of Tm, and the following boundary conditions apply for the activity coefficient at equilibrium:
A simple yet flexible function which fulfils these boundary conditions is:
Equation (10) is equivalent to a scaled Weibull distribution [11] in (1/T -1/Tm). A and B are scale parameters, and C is a shape parameter which has to be above 2 in order to satisfy the last two boundary conditions in equation (9).
Many of the standard models [1] for the combined x-T dependence of ln γ shows a simple 1/Tdependence at low temperature, consistent with regular solution theory. For most systems of interest the solubility decreases with decreasing T, and the temperature dependence of the equilibrium activity coefficient will gradually approach that of the activity coefficient at infinite dilution, ln γ ∞ . Empirical studies of the T-dependence of ln γ ∞ of various organics in aqueous solution [12; 13; 14] show that ln γ ∞ reaches a maximum and then start to decrease with decreasing T, also for systems exhibiting a positive deviation from Raoult's law at higher temperatures. The NRTL model has a relatively complex temperature dependence, but for the case of ln γ ∞ it converges towards a 1/T-dependence at low T. Equation (10) tends to the constant value of the parameter A with decreasing T, which is equivalent to recovering the behaviour of an athermal solution at low temperatures. Introducing a 1/T-dependence consistent with the NRTL model, and for most real cases a more reasonable approximation [1] , leads to:
which still fulfils the restrictions of equation (9) . Possibly, equation (10) will provide a comparatively better description of the temperature dependence of the activity coefficient at low temperatures for solutions approximating athermal behaviour -cases involving very large, flexible solute molecules in solutions of smaller solvent molecules.
One potential problem inherent in equation (11) concerns the activity coefficient at equilibrium, which is restricted by the fact that solubility mole fraction and solid-state activity are limited to the range [0,1], i.e. 0 < x < 1 and 0 < a s < 1. This means that ln γeq ≥ ln a s [3] . A 1/T-dependence in ln γeq will, for negative deviation from Raoult's law, result in activity coefficients at very low temperatures decreasing rapidly, causing artefacts of extrapolated mole fractions exceeding unity. It should also be noted that there are other problems related to the Kauzmann paradox in extrapolation of the heat capacity term to low temperatures [15; 16] . For the purpose of the present work, the temperature range is limited by the freezing point of the mixture.
Evaluation and discussion

Activity coefficients and van't Hoff enthalpy of solution
Combination of equations (1) and (3) gives, for the activity of the solid as a function of T:
We may now compute the value of the activity coefficient, γ, associated with each solubility data value, by dividing the activity with the experimental solubility in accordance with equation (2) . Plotting the resulting values of ln γeq vs. T and fitting the parameters of equation (11) results in the values listed in table 2. In the majority of cases a full parameter leastsquares optimization using the software Origin 6.1 resulted in a value of the C-parameter satisfying the condition C > 2, required in order for the activity coefficient temperature derivative to obey the boundary conditions at Tm. In four cases the value of C would converge to a lower value, and was consequently locked to the limiting value in the optimization process. The activity coefficients together with the goodness of fit are shown in figure 2. Table 2 . Activity coefficient regression coefficients (equation (11) It is worth mentioning that all sets of experimental activity coefficients shown in figure 2, with one exception (butyl paraben in acetonitrile), describe curves which start to level out with decreasing temperature. Furthermore, there is just one single case (fenofibrate in methanol) where the experimental data possibly suggests a maximum (one data point), all other cases being monotonic functions over the experimental temperature interval. Altogether, there is little in this set of data to suggest a qualitatively different temperature dependence of ln γeq than that given by equation (11) . It should be noted that, for two of the compounds, fenofibrate and butyl paraben, the regressions are based on just five experimental data points per solvent, which is low for a three-parameter regression model. However, in most cases the data points appear to be distributed so as to cover a significant range of activity coefficient values, and as the regression model fulfils boundary conditions listed in equation (9), the effect of the small number of data points on the confidence of the regression coefficients is expected to be relatively limited. The number of data points available per solvent for fenoxycarb is between 6 and 9, and for risperidone it is 10, although for the latter compound the extrapolation to Tm has to cover a much larger temperature interval.
A regression model for the solubility, which will behave in a robust way when extrapolated all the way to Tm may now be formulated, by insertion of equations (11) and (12) into equation (2): (13) At this stage, Tm, ΔfusH (Tm), q and r are parameters determined in calorimetric experiments, and A, B and C are regression coefficients. Figure 3 shows van't Hoff plots of solid-state activities (equation (12)) and solubility curves (experimental data and regression curves constructed using equation (13) and parameters in tables 1 and 2) extrapolated to Tm. As forced to by equation (13) , the solubility curves in figure 3 all converge to ideality at the melting point. For fenoxycarb and butyl paraben, with comparably low melting points, this type of behaviour is substantiated by the experimental data, whereas for fenofibrate and risperidone more extrapolation is required.
The melting temperature of risperidone is higher than for the other three compounds, resulting in a lower solid phase activity in the temperature range of solubility data. This leads to clearly lower solubility of risperidone, in spite of the fact that the activity coefficients are of the same order of magnitude as for the other solutes. For these, a few of the solubility curves in figure 3 are located very close to the curve representing the activity of the pure solid. This is a reflection of the fact that activity coefficients in these systems are close to unity (figure 2), and hence that solutions are close to ideal. It is important to note, however, that this does not imply a linear van't Hoff plot. The temperature dependence of the slope of a van't Hoff curve is given by equation (5) . Both the enthalpy of fusion and the activity coefficient term depend on temperature, and it follows from this fact that all van't Hoff curves, including solid phase activity curves, will be inherently non-linear. Significant departure from linearity will occur if i) the heat capacity contribution to the enthalpy of fusion is non-negligible, and/or ii) the activity coefficient exhibits a significant temperature dependence. However, in a few notable cases, these factors compensate one another, resulting in at least part of the van't Hoff curve being linear. In terms of equation (5), this means:
throughout the temperature range of interest. The heat capacity term is indeed non-negligible for the four evaluated compounds. Extrapolated to 300 K, the heat capacity contribution to the enthalpy of fusion amounts to about 10% for fenoxycarb, 14% for butyl paraben, 21% for fenofibrate, and more than 60% for risperidone. In terms of the effect on ln a s at 300 K, it amounts to about 6% for fenoxycarb, 7% for butyl paraben, 12% for fenofibrate and 51% for risperidone.
As to the activity coefficient term, the derivative of equation (11) appearing in equations (5) and (14) evaluates as: Figure 4 shows how the van't Hoff enthalpy and its components depend on temperature for the compound fenoxycarb in three solvents. Please note the differences in the y-axis scale for the different solvents. In ethyl acetate, the van't Hoff enthalpy is dominated by the enthalpy of fusion of the solid phase, and the decay in this term with decreasing temperature is partly compensated for by an increase in the activity coefficient term, resulting in a fairly constant van't Hoff enthalpy over a significant temperature range. In toluene, the activity coefficient term plays a more important role for the van't Hoff enthalpy, surmounting the effect of temperature on the enthalpy of fusion. In methanol, the deviation from ideality is the largest, with the activity coefficient term dominating the van't Hoff enthalpy in the range of experimental solubility data. The peak value at about 290 K is approximately four times the enthalpy of fusion, trailing off rapidly and rather symmetrically at higher and lower temperatures. (5)) vs. T for fenoxycarb in three solvents.
In figure 5 , the temperature dependence of the van't Hoff enthalpy and its components are shown for fenofibrate in various solvents. Just as for the chemically related compound fenoxycarb, the deviation from ideality is largest in the alcohol. However, the peak in the activity coefficient derivative occurs at higher temperature, above the range where experimental data is available, but the maximum van't Hoff enthalpy is also for this compound approximately four times the enthalpy of fusion. Furthermore, as for fenoxycarb, solutions in ethyl acetate are closest to ideality, but in this case with a slight negative deviation from Raoult's law corresponding to a weakly positive activity coefficient derivative at higher temperatures (cf. figure 2) . In acetone the positive deviation from Raoult's law is slight, while in acetonitrile it is more marked -in both solvents the inflection points in the van't Hoff curves occur at temperatures close to ambient. (5)) vs. T for fenofibrate in four solvents. Figure 6 shows the case for the compound risperidone. Here, the van't Hoff curves of all four solvents behave in a similar fashion, approaching the solid-state activity curve in an inverse Sshaped manner, with the highest activity coefficients found for acetone and ethyl acetate, figure 2 . For all four solvents, both the activity coefficient term and the enthalpy of fusion term are of significant importance and the influence of temperature on the enthalpy of fusion can definitely not be neglected. The melting temperature of 442 K is comparatively high, and the inflection points of the van't Hoff plots, corresponding to maxima in the activity coefficient derivative term, are predicted to be located between 330-360 K, i.e. above the experimental data range but still quite far below Tm.
The situation is quite different for butyl paraben, as shown in figure 7 . The deviation from Raoult's law is negative in three out of four solvents, with qualitatively similar van't Hoff curves, and in turn similar van't Hoff enthalpy-temperature curves. The experimental data is in all three cases quite well described by linear functions, which shows as fairly constant van't Hoff enthalpies at lower temperatures. In acetonitrile the deviation from Raoult's law is positive, and the solubility curve in the van't Hoff plot trails away from the ideal curve throughout the experimental temperature range. Notably, this is the only observed case where there is no tendency towards an inflection point suggested in the experimental data. (5)) vs. T for butyl paraben in four solvents.
Solubility regression models
As mentioned in the introduction, a problem with the purely empirical regression models generally used for fitting to solubility data is that they are inadequate for extrapolation outside the temperature range of experimental data. However, for routine purposes of correlation and extrapolation of solubility, it may be inconvenient or impossible to use the full semi-empirical model developed here, equation (13), since it requires an extensive thermodynamic characterisation of the pure solid and melt phases of the solute. Frequently, the melting temperature and the associated enthalpy of fusion can be determined experimentally with relatively little effort. In contrast, heat capacities -in particular that of the supercooled meltare generally not available, and experimental determination tends to be difficult, timeconsuming and -for the melt -impossible far below the melting point. One possibility is to treat the heat capacity difference coefficients as correlation parameters when fitting equation (13) to experimental solubility data. This results in a function containing five parameters to be determined by data regression even when Tm and ΔfusH(Tm) are known. If instead ΔCp is set to a constant value, qc, which is independent on T, the function reduces to: (16) In the following, equation (16) has been parameterised against experimental solubility data of the four compounds, with the C parameter locked to a value of 3.0; a reasonably representative value based on values in table 2. This is done in the interest of further reducing the number of parameters, and to make the model more robust by eliminating the inconvenient necessity of making sure that C converges to ≥ 2. This three-parameter model is compared to i) the semi-empirical regression model, equation (13) with parameters from tables 1 and 2, as well as two empirical regression equations: ii) equation (17), a common, simple three-parameter equation, and iii) equation (18), a more flexible four-parameter equation [3] . Figure 8 . Experimental values of ln xeq plotted vs. 1/T together with fits of equation (13) using experimental ΔCp-data (black solid lines), three-parameter fits of equation (16) In terms of goodness of fit to the experimental solubility data, in most cases there is no dramatic difference between the models. The RMS of residuals in ln xeq over all the data is the highest for equation (17) (0.040), as expected based on the mathematical simplicity of the equation. The fit of equation (16) (0.024) is overall fairly similar to the semi-empirical model (0.022) as well as to equation (18) (0.023), with numbers and ranking varying somewhat between solutes and solvents. It should be noted that some care must be taken when fitting a four-parameter model like equation (18) to a data set consisting of five points. Figure 8 shows that the models differ greatly with respect to how they behave when extrapolated outside the experimental data range. As expected, equation (18) tends to be rather unstable outside the range of experimental data, most clearly seen for fenoxycarb/methanol and fenofibrate/acetonitrile, in the former case despite the relatively large number of data points, and despite the fact that experimental solubility data is available almost all the way to the melting point. From this point of view the three-parameter equation (16) provides a fairly robust model, in most cases extrapolating upwards in temperature quite similarly to the semiempirical equation (13) . One exception is for fenofibrate in methanol, where equation (16) predicts too steep a slope of the van't Hoff plot at high temperatures. For extrapolation to lower temperatures it occasionally starts to deviate undesirably from the semi-empirical model. For butyl paraben, all models appear to work quite well.
The main difference between equations (13) and (16) is that in the former we make use of experimentally determined heat capacity data, while in the latter the heat capacity difference is represented by a single value, qc, independent of temperature, which is determined during the regression of solubility data. Properly parameterised, the physical meaning of this value is an "average" ΔCp by which the heat capacity difference terms receives a proper representation in expression for the solid-state activity. However, a significant degree of parameter correlation can occur, in particular for limited or poor quality solubility data. Indeed, for three out of four of the evaluated compounds, qc varies substantially between the solvents -a fact which is naturally compensated for through the other parameters. This in turn can lead to a significant deviation from equation (13) when extrapolating to lower temperatures, as can be seen in figure 8 . Notably, however, in the case of risperidone, the value of qc is quite consistent over the four solvents (methanol, ethyl acetate, toluene, and acetone), ranging between 141-201 J K -1 mol -1 with an average of 171 J K -1 mol
A correct reference value of qc in equation (16) is obtained by equating the second term on the right-hand side of equation (16) with the last two terms of equation (12) 
where the summation is made over all temperatures T for which there are solubility measurements. The resulting value for risperidone is 185.8 J K -1 mol -1 , which is fairly close to the average qc obtained using equation (16) . The relative accuracy and robustness of the heat capacity values obtained from risperidone solubility data could be explained by the fact that data is available at ten different temperatures in each solvent. In addition, for risperidone the heat capacity term provides a substantial contribution to the activity of the solid.
Whereas the activity coefficient parameters A, B and C in equation (16) depend both on solute and solvent, the heat capacity parameter qc is independent on solvent. With access to highquality solubility data in n different solvents, the heat capacity parameter could be determined more consistently, as follows. A system of n regression equations, describing the solubility in these solvents, is simultaneously optimized, while restricting qc to be the same regardless of solvent: Such a parameterisation of equation (16) was carried out, using solubility data of risperidone at 10 temperatures between 5-50°C in methanol, ethyl acetate, acetone and toluene, by minimizing the overall RMS of residuals in ln xeq. The resulting common value of qc is 163.6 J K -1 mol -1 , which only differs by about 12% from the reference value 185.8 J K -1 mol -1 . The overall RMS of residuals in ln xeq is only slightly worse (0.031) compared to the value obtained when q is allowed to vary between the solvents (0.027), and the average absolute change in A and B over the four solvents as a result of the constraint on qc is only 14% and 6%, respectively.
Conclusions
It is shown that the temperature dependence of the activity coefficient in saturated solutions of organic compounds in various solvents can be modelled with a scaled Weibull function with a built-in 1/T-dependence in a way which is consistent with thermodynamic boundary conditions. For the evaluated cases of four organic solutes in organic solvents, the activity coefficient is shown to exhibit a monotonic behaviour over the experimental temperature interval, asymptotically approaching unity at the melting point. Based on this, an accurate and thermodynamically robust model for interpolation and extrapolation of solubility data is presented. The model combines the activity coefficient model with an equation for the pure solid-state activity incorporating experimental melting data of the pure solid phase and heat capacity data of the pure solid and melt phases.
It is shown that the temperature dependence of the enthalpy of fusion can be far from negligible, and that the contribution of solution non-ideality to the van't Hoff enthalpy of solution for almost all the evaluated systems has a single maximum located at or above room temperature. While van't Hoff plots will in principle be non-linear, occasionally a compensation between the temperature dependence of the enthalpy of fusion and the solution activity coefficient can render them approximately linear over a certain temperature range. Hence, linearity cannot be taken as an argument for ideality.
A new three-parameter equation is proposed for correlation of experimental solubility data, inherently obeying necessary boundary conditions at the melting point and a reasonably stated boundary condition at low temperatures. When furnished with calorimetric melting data for the pure solid, it is shown to provide a robust model for extrapolation of solubility while resulting in goodness of fit to experimental values comparable to commonly used empirical equations. When fitting the equation to solubility data for the same compound in different solvents it can deliver a reasonable estimate of the temperature-dependent component of the activity of the solid phase.
